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y(x)
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J(γ) =
∫
γ
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(y(x)− ȳ(x))2dx , ÉHÊ
¨ ²rt_adpt_3dcpxtdÃz±dyu/Ô®wc¸yz}dyx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
x(t) =
n∑
k=0
Bkn(t) xk
y(t) =
n∑
k=0
Bkn(t) yk
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Bkn(t) = C
k
n t
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X = {xk } Y = { yk }
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J(Y ) =
∫
γ
1
2
(
Bn(t)
T (Y − Ȳ )
)2
nBn−1(t)
T ∆X0dt .
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Bn(t)
T =
(
B1n(t), B
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n(t), ..., B
n
n(t)
) É5»Ê
u°
∆
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J(Y ) =
∫
γ
1
2
(
Bn(t)
T (Y − Ȳ )
)2
dt .
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_dÆpszªzrtdyx'r{zuWu
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zªp % # % , %
( 
x$%! .3
   
&!>az}dc©rtÇrt_adWpsr{'r{zux{zrnÇd~|v°'rtz}uÁ¾©^
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J ′(Y ) = AY − b , É5Ê
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A =
∫ 1
0
Bn(t)Bn(t)
T dt = { 1
2n + 1
CinC
j
n
Ci+j2n
} . ÉJÊ
u°Qr{_adxtz}_Crt³5_u"pszªodÃz}p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b = AȲ .
É;Ê
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Y j+1 = Y j − ρ(AY j − b) , É~Ê
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A
z}uCrt
A = ΩnΛnΩ
T
n ,
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¨ uÇrt_adQozªu8bertx{zµ¯
Λn
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ΩnΩ
T
n = Ω
T
n Ωn = I .
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v°psd~
n′ = 4
u"rt_adyx{ptdcpsrÈ}dy±dy'
J(Y ′) =
∫
γ
1
2
(
Bn(t)
T (Yk + E
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n′Y
′ − Ȳ )
)2
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n′
r{
n
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7 E
7
6 E
6
5 E
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∂Y ′
=
∂Y
∂Y ′
∂J(Y ′)
∂Y
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∂Y
∂Y ′
= (Enn′ )
T ,
É~Ê
u°
∂J(Y ′)
∂Y
= A(Yk + E
n
n′Y
′ − Ȳ ) , É-;Ê
^
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Æqn@d~|u°pÉHÊÂÁÉscÊ
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∂J(Y ′)
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=
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∂Y
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Y ′j+1 = Y ′j − ρ(AcyY ′j − bcy) ,
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boodc
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Y j1 = Y j0 − τ1(AY j0 − b) ,
Y j2 = Y j1 − τ2(AY j1 − b) ,
Y j3 = Y j2 − τ3(AY j2 − b) ,
¬_adcxtd
τi
É
i = 1, 2, 3
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Gy = Gh(I −Enn′((Enn′ )T AEnn′)−1(Enn′)T A)Gh ,
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Gh = (I − τ3A)(I − τ2A)(I − τ1A)
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∫
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Ȳ
²Árt_doz}p{x{dr{dÃaxtÆa}dyb/¾
Sdhvptd^_adcÆCno_adc±«zrtdcx{rtz}upu@rt_ad :uaddc±dyIu°Qps±du}nCrtzªy}}n«u+rt_adÃCxpsdhdc±dy5
z5¾ d¾Cvptd
rt_ad
G
ynqydr{_adyu+¬®da}rdcxtx{xp±qpSrt_adhuCvbÆ3dyxS²3zrtdcx{'r{zup­z}uQËz°¾Èu²·xtd~|Cvadyuyn
±op8rt_d0uqvabÆ3dyxÈ²Izµr{dyx'rtz}u°p­zuQËz}¾­o¾ ¨ uQËz°¾®
(a)
pt_a'¬0p­z}uazrtzªadcxtx{xp8xuobendyuadcx{rtd~G
(b)

(c)
u
(d)
pt_a'¬ dyx{xtx{pÆorz}uadcÆqn
Y ′
u
Z ′
bedr{_aoap'² rtdcx«uadSptz¯u¿dy}dy±dyu
Gnoyd~p«x{dcpt3dcÂr{z±dy}n¾©Ëxtb r{_adyb/È¬Èd/yu dcpsz}}n©psdcd@r{_'rrt_ad/x{dcptvar{p«²hr{_ad
Z ′
bedr{_ao;xtd
ptva°dcxtz}x~¾0f0'¬-}drvp0}q.=>rt_ad~psd«xtd~psvar{phzuLrt_ad²·xtd~|vdyuyn"ptyd3Ëz}¾+}dcxt}n>dy¯oa}zu°p0¬_qn
Z ′
bedr{_ao/z}ppsva3dyx{z}xr{_u
Y ′
bedr{_aoG¾0Ä² r{dyxhuad
G
noyd@ÉJËz°¾
(b)
Ê°¬®dcuWpsdcdrt_°'r
Y ′bedr{_aozªpbxtd«dÌQz}dyuCr²·xÃx{dcovyzu@_az}_²·xtd~|vdyuyn"beood~puLr{_ad:uaddc±dy5I¬_az}drt_d
Z ′bedr{_aozªpÃyydyorÆa}d²·xÃxtd~ovz}ua@rt_ade_az}_²·xtd~|vdyuyn"beood~puLr{_ad:uaddc±dy8Æavar}ptQr{_ad
}'¬º²·x{dc|Cvadyu°n@beood~py¾Ä0² rtdcxptzµ¯@x0dy}dy±dyu
G
yno}dcpcaÆ°rt_/²·x{dc|Cvadyu°z}dcpx{dÃx{dcrt}nQxtd~ovydc>ÆCn
Z ′
bedr{_aoG¬_az}}dua}n>rt_ad_z_/²·xtd~|vdyuyn>uCrtdyuCr0zªp0x{dcov°dc"Æqn
Y ′
bedyrt_aoG¾hh²Svax{ptd¬Èd
yuªptQvptdzªodcp0²Ëva}8iLvaµr{zµ³´x{zªWiWdr{_ao ÉÛË8iÊhz}upr{dcW²Gvpsrr¬ÈQ}dy±dyªpyIu°WuWr{_ad
Cxpsd~pr}dy±dy5Á¬®dQyuvptd@fhdy¬
rtuzµr{dyx'rtz}u°pÃrtLpt}±d+zrz}upr{dcÇ²®v°psz}uaWr{_adQoz}xtd~Âr«pt}±dcxc¾
Ä0u°>¬®dupszªodcx
rt_ad~psdÃartz}up
z}uWptvaÆptdc|CvadcuCrhpsd~Ârtz}u/od~}zuae¬zrt_Wuauz}uadcx
axtÆa}dyb/¾
  !+-	. !
  $ ""$#%"	 & ')*,+-/.
Ä0uWµr{dyx{u'r{dbedyrt_ao"z}pady±qz}ptdc>Æqn>yuptz}adyx{zua«rt_dbertx{zµ¯
∆
od
:uadc"Æqn 
∆ =









1 0 0 · · · 0
0 −1 0
¾¾¾
0
¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾
0¾¾¾
0 (−1)N+1 0
0 · · · 0 0 (−1)N+2









(N+1)×(N+1)
,
^
_ad
L′
u
Z ′
iWdyrt_aoapxtd«ÆptdcÇupsz}bezªxÃax{zu°z}ad~prt"xtdc±dcx{ptdr{_adez}xtz}ua"Æ°dyr¬Èdcdyu
dyz}dcuq±Hvdcpudyz}dcuC±dcrtxpÃÆqnpsz}bead>b+'rtx{z¯b«vaµr{znÆqn
∆
z}upr{dc²hbeavortz}uaWr{_ad
UUWVXZY[\(Y
c  
		 )9
2 4 6 8
10
−2
10
−1
10
0
10
1
Random initial conditions (a)
N
e
rr
o
r
 
 
Y method
Z method
2 4 6 8
10
−3
10
−2
10
−1
10
0
After one G cycle (b)
N
e
rr
o
r
 
 
Y method
Z method
2 4 6 8
10
−8
10
−6
10
−4
10
−2
10
0
N
e
rr
o
r
After five G cycles (c)
 
 
Y method
Z method
2 4 6 8
10
−12
10
−10
10
−8
10
−6
10
−4
10
−2
10
0
N
e
rr
o
r
After five G cycles (d)
 
 
Y method
Z method
 
		! "
(a)
 $#&% '$()*	
$
 +!),'-.		
)$	0/
(b)
/
(c)
)1
(d) $#&%2	$
! 34
1	.45-
Y ′
1
Z ′
	6
# )78$		/ $9:),;		<	
G
6-6'	 +
	 $,	=>
<	'-"
6()$	=)$
?9
Q0
"*@+#A1 3$#1	B%CD	6$#1A1 E$	F5 BE 
)		96	E
	(GH)$
?9
Q04A-H&
$9
∆
':$#	G	=I51&
1 /J" 	"'/A$#	
L′
	6$#1A:765)! K	L'	<	06$
	6$'1 C( 	6M11	:4A-
Y = Y k + ∆Enn′L
′ , NPO =Q#	$	
Y k
' 
#	+<&)'	+4!)'	RS$#	CM1	+'	<	J/
L′
( $#	65)! K	E	<	6

	>
D%C	C$	CAT5'7P="VU 	
L = Yk − Ȳ +
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∆
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_adyuLrt_adoz}psrtx{z}Æavortz}uW²
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(b)
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(c)
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(d)
pt_a'¬-²·x{dc|CvadcunWÆor{zuad~WÆqn
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n′′ = 4
u"rt_d*:±dy³5}dy±dyÁcptd
(n = 8)  (n′ = 7)  (n′′ = 6)  (n(3) =
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 (n(4) = 4)
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n(3) = 5

u@rt_ad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(n′ = 7)
xtdhp{bedp­r{_aptd0Æor{zuad~+Æqnr{_ad:±dy³5}dy±dycptd
(n = 8)  (n′ = 7)  (n′′ =
6)  (n(3) = 5)  (n(4) = 4)
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dyz}dcuq±Hvdcpu°dyz}dyuq±dcÂr{xpeÉ·z}u¿uad¯qr
psd~Ârtz}uÁG¬ÈdeyuÇvptd«rt_adeb+'r{xtz¯
Q0
zuÇrt_d}z}uadcxxtÆadcb²·xÃr{_adeuaua}z}uadcxax{Ædcb+Ê
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¨ u>rt_azªppsd~Âr{zuÀop®¬ÈdÃozªQ²·x®rt_adÃ}zuad~xpt_3dx{dcyupsrtx{vaurtz}uÀC¬®ddy¯qrtdyu°Qvx
aax{_adcpSrt
rt_duaua}z}uadcx®z}uq±dcx{ptd³Åps_°3dortz}bez¸~'rtz}u"beoodyÀxtÆadcb$
minJ = J (y(t)) = p
α
A ,
É·CÊ
z}u"¬_z}_
x(t)
z}p
z±dyuÀaptbeCrt_Wu°@beurtuad³´z}ux{dcpsz}ua
p =
∫ 1
0
√
x′(t)2 + y′(t)2ω(t) dt , A =
∫ 1
0
x′(t)y(t)ω(t) dt ,
ÉÛ ;CÊ
x{d²·x«ps3dcyzA:d~
ω(t) > 0
u
α > 1
Ár{_ad@ptdyv°o³´dcuar{_²
rt_ad>xurt_d@ptdyva³Åx{dc
Æ3dy}'¬]r{_adx¾^+b+=dvax0}zµ²·ddcptz}dyx~o¬Èd_aqCpsd
α = 2
u°
ω(t) = 1
²·x ∀ t u°>¬®dP=qua'¬rt_dbz}uaz}bvab&±'}vadÃ²·x
r{_aduauz}uadcx
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az}dc"u@r{_ad*:uad}dy±dy'
Y j+1 = Y j − ρJ ′(Y j) , ÉJ»Ê
¬_adcxtd
j = 0, 1, 2, · · ·  Y 0 zªpLz}±dyuz}uazrtzª®vad~ptpcu¬®d@p{psvbd>'r j = k ¬®dQÆor{zur{_ad±'}vadcp
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rt_d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±dyx{n/qo/ÆCnWv°psz}uaQr{_adeÆz}u
b+'r{xtz¯
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yu+Æ3dazµÌQvµr®x
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uad~dcp{p{x{n¾JSÇd¬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J ′(Y ) = AJ ′Y − bJ ′ .
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rt_ddyz}dyuq±dcÂr{x®b+'rtx{z¯
Ωn
zªp0z}u@xsr{_au 
ΩnΩ
T
n = Ω
T
n Ωn = I .
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Y = Y k + Enn′Y
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Y K
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rt_d±'vadÆar{z}uad~uLrt_d :uadedc±dcJÀu
Y ′
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r{_ad+x{ptd}dy±dySyx{xtd~Ârtz}u¬Èd
x{dÃq =Cz}ua«²·x~¾
Ô®n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Æar{z}u>rt_adÃ²·}'¬zux{dyª'r{zupÈ²·x
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J ′(Y ′) = Enn′T · J ′(Y ) = A′J ′Y ′ − b′J ′ ,
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¬_adcxtd
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rt_ad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upruCr±d~Ârtx
b′J ′
b′J ′ = E
n
n′
T (bJ ′ −AJ ′Y K) ,
ÉJ»CÊ
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od~ptydyuCrzµr{dyx'rtz}u°p
u>rt_adyxptd}dy±dyI²·x0yx{xtd~Âr{zu@ÆqnQz}uazµr{z}z}¸yz}ua
Y ′0 = 0

Y ′ ←− Y ′ − ρJ ′(Y ′) , ÉJ»Ê
rt_dyuL¬®d«cuWvaIa'r{d«Æqn
Y K + Enn′Y
′
uWr{_ad :ud}dy±dcJ¾ ¨ rtdcx{rtz}upuWrt_d :uad«dc±dc®É5»Êhu
xtx{dcrtz}upÈu"r{_adx{ptddc±dySÉ5»Ê
ybea}dr{dÃ«r¬®³´dc±dcIyx{xtd~Âr{zuo³Jrnq3dhzªodcÁ}xtzrt_b ²·x
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rt_d+uaua}z}uadcxboodcSax{Æa}dyb/¾ h'¬Èdc±dyxÃzrr{.=dcpÃb+uCnzµr{dyx'rtz}u°p+É·_qvauox{dcpÃ²·xÃr{_az}pboodc
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r{_ax{dyd+pr{dyp²·x
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Y j1 = Y j0 − τ1J ′(Y j0) ,
Y j2 = Y j1 − τ2J ′(Y j1) ,
Y j3 = Y j2 − τ3J ′(Y j2) ,¬_adcxtd
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i = 1, 2, 3
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Y = Y k + Q0E
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_az}_W²·x{dc|Cvadcun>dyx{xtx{p
¹¼»H½´¾
Ô®n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J ′(Z ′) = Enn′T ·Q0 · J ′(Y ) = A′J ′Z ′ − b′J ′ ,
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Z ′ ←− Z ′ − ρJ ′(Z ′) , ÉÛ 5Ê
rt_dyu©¬®d>cu¿vaIa'r{d@Æqn
Y k + Q0E
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∆
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∆ =









1 0 0 · · · 0
0 −1 0
¾¾¾
0
¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾ ¾
0¾¾¾
0 (−1)N+1 0
0 · · · 0 0 (−1)N+2









(N+1)×(N+1)
,
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Y = Y k + ∆Enn′L
′ ,
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J ′(L′) = Enn′T ·∆ · J ′(Y ) = A′J ′L′ − b′J ′ ,
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ÊÂÀu°pt}±dzr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